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Two improved versions of Howard’s semicircle type eigenvalue bound are derived for com-
pressible stratified magnetohydrodynamic flows in which the base velocity, density, and
the magnetic field vary in two directions. The first bound is based on the energy principle
of the Lagrangian displacement and treats the centre of the semicircle as a parameter. By
considering the change in the potential energy due to the Galilean transformations, we
can derive the radii of the semicircles for a given centre on the real axis. The envelope of
these semicircles gives the eigenvalue bound in the complex plane better than the usual
semicircle bound. Remarkably, a sufficient condition of the stability obtained by this en-
velope type bound includes many previously known stability conditions. In the second
bound, we attempt to incorporate the competition of the shear and stratification effects
into the eigenvalue bound. We first show that the Miles-Howard stability condition holds
only when there is no applied magnetic field and, in addition, the directions of the shear
and the stratification are aligned. Then, for unstable eigenvalues, the inequality derived
in the stability condition is used to derive the improved bound, in a manner similar to
the semi-ellipse theorem by Kochar & Jain (J. Fluid Mech., vol. 91, 1979, 489).
1. Introduction
This paper aims to find a priori growth rate bounds of ideal wave-like perturbations
on top of compressible, stratified, magnetised, and sheared equilibrium states varying
in two directions perpendicular to the direction of the wave propagation. Growth rate
bounds and stability criteria of ideal shear flows have long been one of the central is-
sues in theoretical fluid mechanics. Rayleigh’s inflection point theorem (Rayleigh 1880),
Howard’s semicircle theorem (Howard 1961), and the Miles-Howard stability condition
(Miles 1961) are particularly well-known across the fluid dynamics, geophysics, and as-
trophysics communities, and their various extensions have been sought.
One obvious way of extending the theories is to make the base state variation two-
directional as in many practical problems. To the best of the author’s knowledge, Eckart
(1963) and Hocking (1964) were the first to consider such an extension, with the former
showing that Howard’s semicircle theorem holds and the latter leading to limited results
for special flow fields, respectively. However, far less progress has been made for the
theoretical understanding of such generalised stability problems compared with the clas-
sical cases. The major difference between them is that for the classical cases the motion
of the perturbation might be restricted on a two-dimensional plane. In the geophysics
community, the stability theory has been advanced using the fact that multiple Casimir
invariants are available for two-dimensional fluid motion when it is viewed in the Hamil-
tonian mechanics framework (see Arnold (1978), Dowling (1995), for example). While for
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the generalised problem the perturbation is inherently three dimensional, and so fewer
mathematical tools are available.
The flow fields to be treated in this paper may have important implications for solar
physics. The formation of the multiple layer structure of the solar atmosphere, such as the
photosphere, chromosphere, the corona, and the solar wind, is believed to be due to the
complicated interplay between shear, stratification, and magnetohydrodynamic effects.
Just underneath the surface, according to helioseismology, the research area that aims to
reveal the interior structure of the Sun from observations, there is a layer where a strong
shear is prominent (see Charbonneau et al. 1998, for example). This layer is referred to
as tachocline in the astrophysics community and has been a subject of many stability
studies. In the early years of solar stability analyses, the effect of shear was omitted
because in that case the stability can be analysed by simply examining the property of
the potential energy (Bernstein et al. (1958), Newcomb (1961), Parker (1966)). Frieman &
Rotenberg (1960) introduced the effect of shear to the energy principle theory developed
in Bernstein et al. (1958), and based on this extended principle, Adam (1978a), Tobias &
Hughes (2004) subsequently developed stability conditions; we will add further comments
on those studies later.
For unstable modes, a variety of eigenvalue bounds have been studied in many places.
The semicircle theorem by Adam (1978b) is particularly relevant to the present study,
because it is shown for the two-dimensional version of the magneto-atmospheric flow con-
figuration to be considered in this paper. We will aim to extend the application range of
the theorem to the generalised non-planer flow configuration and, in addition, to improve
the eigenvalue bound itself. The improvement is motivated by the previously discovered
improved bounds for incompressible and two-dimensional flows. For unstratified incom-
pressible flows, Hughes & Tobias (2001) found that there are two semicircles possible. We
shall show that there are actually infinitely many semicircles, and the envelope of them
constitutes the eigenvalue bound better than the usual semicircle. Another improvement
shown in Hughes & Tobias (2001) is that the semicircle radius can be contracted when
the external magnetic field presents. The same result was reported in Cally (2000), who
found that the contraction discovered in Howard & Gupta (1962), Gupta (1992) for a
uniform magnetic field can be carried over to inhomogeneous magnetic fields. The sta-
bilisation effect of the magnetic field may also be seen for compressible flows, in view of
the stability condition by Cally (2000), although it is valid only for unstratified flows.
The contraction of the semicircle and the stability condition by Cally (2000) are entirely
covered in the general theory to be shown in this paper.
The Miles-Howard type theory differs fundamentally from the above semicircle type
theories in that it depends on the velocity shear, rather than the velocity range. Kochar
& Jain (1979a) found that the inequality used in the Miles-Howard theory can be used to
improve the eigenvalue bound for incompressible, non-magnetised flows that are unstable
with respect to the Miles-Howard condition. This famous semi-ellipse theorem was then
extended for magnetised flows by Kochar & Jain (1979b), and flows subjected to a
general potential field varying in two directions by Fung (1986). The eigenvalue bound
found by Cally (1983) for compressible, magnetised and stratified flows also depends
on the velocity shear, and in fact, for non-magnetised cases, his bound coincides with
the stability condition by Chimonas (1970), who extended the Miles-Howard stability
condition for compressible flows.
Among all the above stability results, Gupta (1992) is the only paper where a mag-
netised problem was treated in the base shear with two-directional variation. For non-
magnetised flows, the work by Eckart (1963) seems to be often cited in the context
of adding compressibility to the semicircle theorem, and the aspect of dealing with a
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flow that varies in two directions is less well known. Perhaps, for this reason, many au-
thors subsequently reported semicircle theorems that are covered by Eckart’s result (e.g.
Blumen (1975) for stably stratified Boussinesq flows, Dandapat & Gupta (1977) for com-
pressible, unstratified flows, Li (2011) and Waleffe (2019) for incompressible, unstratified
flows).
We also remark here that the importance of the generalised stability problem for non-
planer flows has long been recognised in the turbulent transition studies of near-wall
boundary layer flows. Weak vortices elongated in the flow direction appearing in the
boundary layer typically induce heterogeneity in the velocity field, called streaks, and
their secondary instability results in the typical transition path (Hall & Horseman 1991;
Yu & Liu 1991; Li & Malik 1995; Andersson et al. 2001). When the amplitude of the
waves reaches a certain magnitude, they nonlinearly interact with the streaks and self-
sustained coherent structures emerge (see Benney 1984; Hall & Smith 1991; Waleffe 1997;
Kawahara et al. 2012 for purely hydrodynamic flows, Riols et al. 2013; Deguchi 2019ab for
magnetohydrodynamic flows). The fact that the generalised stability problem sits at the
centre of the interaction process inspired the recent two re-discoveries of the semicircle
theorem.
The paper is organised as follows. Section 2 formulates the problem based on the
ideal compressible magnetohydrodynamic equations under the influence of the general
potential force field. We will show that the linear stability problem can be reduced to a
single equation for the total pressure perturbation, or alternatively, three equations for
the Lagrangian displacement vector. In section 3, we will describe the derivation of the
semicircle theorem using the energy principle, and see how the envelope of the infinite
number of semicircles can provide a better eigenvalue bound. In section 4, we shall first
clarify when the Miles-Howard theory can be used, and then develop a semi-ellipse type
eigenvalue bound. Finally, in section 5, we will draw some conclusions.
2. Formulation of the problem
Consider the ideal compressible magneto-hydrodynamic equations in the cartesian co-
ordinates (x, y, z). Throughout the paper, we denote the velocity vector as v = (u, v, w),
the magnetic field vector as b = (a, b, c), the density as ρ, the kinematic pressure as p,
and the total (i.e. kinematic and magnetic) pressure as q.
Our interest is the stability of a quasi-equilibrium base state depending on y, z. The
base state is assumed to be subjected to a potential force field G(y, z), as in Fung (1986).
From y, z components of the momentum equations, the base total pressure q(y, z) and
the base density ρ(y, z) must satisfy the static conditions
qy − ρGy = qz − ρGz = 0, (2.1)
which imply
Gy
ρy
=
Gz
ρz
. (2.2)
Here and hereafter the subscripts y and z represent corresponding partial differentiation.
The base velocity (u(y, z), 0, 0) and magnetic field (a(y, z), 0, 0) are assumed to be unidi-
rectional. Those fields may be driven by some external forcing applied on the streamwise
component of the momentum and induction equations, or may be developing in slower
time scale than that of the ideal instability.
The stability of the base flow can be found by adding a small normal mode perturbation
proportional to eiα(x−st). Given a streamwise wavenumber α > 0, the complex wave speed
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s = sr + isi can be found by the following linearised governing equations:
ρ
Uiα
 u˜v˜
w˜
+
 v˜Uy + w˜Uz0
0

−
aiα
 a˜b˜
c˜
+
 b˜ay + c˜az0
0
+
 iαq˜q˜y −Gyρ˜
q˜z −Gz ρ˜
 = 0, (2.3a)
Uiα
 a˜b˜
c˜
+
 v˜ay + w˜az0
0

−
aiα
 u˜v˜
w˜
+
 b˜Uy + c˜Uz0
0
+
 a(iαu˜+ v˜y + w˜z)0
0
 = 0, (2.3b)
iαa˜+ b˜y + c˜z = 0, (2.3c)
Uiαρ˜+ (v˜ρy + w˜ρz) + ρ(iαu˜+ v˜y + w˜z) = 0, (2.3d)
Uiα(s2sρ˜+ aa˜− q˜) + v˜(s2sρy + a ay −Gyρ) + w˜(s2sρz + a az −Gzρ) = 0, (2.3e)
where the Fourier transformed perturbation quantities u˜, v˜, w˜, a˜, b˜, c˜, ρ˜, p˜, q˜ are complex
functions of y, z. Here the local sound wave speed and the shifted base velocity have been
defined as
ss(y, z) =
√
γap
ρ
, U(y, z) = u(y, z)− s, (2.4)
respectively (γa is the adiabatic exponent). We remark here that from the definition
of the total pressure, the base kinetic pressure p(y, z) must equal to q − a2/2, and the
perturbation kinetic pressure satisfies p˜ = q˜ − aa˜.
In order to simplify the equations, following Frieman & Rotenberg (1960), we introduce
the Lagrangian displacement (ξ, η, ζ) such that
u˜ = iαUξ − Uyη − Uzζ, v˜ = iαUη, w˜ = iαUζ. (2.5)
Upon using (2.3b), (2.3d), and (2.3e), it is easy to see that the other wave variables are
also written in terms of the displacement as
a˜ = −(ayη + azζ)− a(ηy + ζz), b˜ = iαaη, c˜ = iαaζ, (2.6a)
ρ˜ = −(ρyη + ρzζ)− ρ(iαξ + ηy + ζz), (2.6b)
q˜ = −s2sρ(iαξ + ηy + ζz)− a2(ηy + ζz)− ρ(Gyη +Gzζ), (2.6c)
while the momentum equations (2.3a) can be transformed into
ρiαU2ξ + ρs2a(ηy + ζz) + q˜ = 0, (2.7a)
α2ρ(U2 − s2a)η = q˜y −Gyρ˜, (2.7b)
α2ρ(U2 − s2a)ζ = q˜z −Gz ρ˜. (2.7c)
Here sa(y, z) is the local Alfve´n wave speed
sa =
a√
ρ
. (2.8)
Eliminating ρ˜ and q˜ from (2.7) using (2.6b), (2.6c), we have the three equations for the
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displacement which is often written in the form (see Bernstein et al. (1958), Frieman &
Rotenberg (1960))
s2ρ
 ξη
ζ
− 2isu
 ξη
ζ
− F(ξ, η, ζ) = 0. (2.9)
The self-adjoint operator F acting on the displacement is called a force operator in the
theoretical magnetohydrodynamics community.
Alternatively, we can derive a single equation for the perturbation wave pressure q˜
from the governing equations. Denoting the divergence of the displacements as D =
iαξ + ηy + ζz, from (2.6c) and (2.7a) the link between η, ζ, q˜ and D can be found as
(s2s + s
2
a)ΛcD = −U2q˜ − Λa(Gyη +Gzζ), (2.10)
where
Λc ≡ ρ(U2 − s2c), Λa ≡ ρ(U2 − s2c). (2.11)
Here sc =
√
s2ss
2
a
s2s+s
2
a
is the local cusp (tube) wave speed. Equation (2.10) can then be
employed to eliminate D and ρ˜ from (2.6b), (2.7b) and (2.7c):[
α2Λa − ρN 21 −ρN 212
−ρN 212 α2Λa − ρN 22
] [
η
ζ
]
=
[
q˜y − GyρU
2q˜
(s2s+s
2
a)Λc
q˜z − GzρU
2q˜
(s2s+s
2
a)Λc
]
, (2.12)
where
N 21 = N21 +
ρU2
Λc
s2cG
2
y
s4s
, N 22 = N22 +
ρU2
Λc
s2cG
2
z
s4s
, N 212 = N212 +
ρU2
Λc
s2cGyGz
s4s
,
and
N21 =
Gyρy
ρ
− G
2
y
s2s
, N22 =
Gzρz
ρ
− G
2
z
s2s
, N212 =
Gzρy
ρ
− GyGz
s2s
, (2.13a)
are the local buoyancy (Brunt-Va¨isa¨la¨) frequencies defined for the general stratification
(they are similar to those used in Fung (1986), but here the compressible effect is in-
cluded). Finally, we use
0 = (U2 − s2s)q˜ + (s2s + s2a)Λc(ηy + ζz) + U2ρ(Gyη +Gzζ) (2.14)
that can be found by eliminating ξ from (2.6c) and (2.7a). Equation (2.14) becomes the
single equation for q˜ when η and ζ expressed by q˜ via (2.12) are substituted.
The linear stability problem (2.3), equivalent to the pressure equation and the dis-
placement equations (2.9), are sought in a domain Ω ⊂ R2 to seek the eigenvalue s.
The boundary ∂Ω are assumed to be made of periodic boundaries and/or impermeable
boundaries at which the derivative of q˜ normal to ∂Ω, and the normal component of the
displacement vector, must vanish. Essentially, those assumptions are needed to eliminate
the boundary terms in the various integration by parts to be seen in the subsequent
sections. When a free surface is introduced (i.e. q˜ = 0 there) some boundary terms may
appear, but they might not change the conclusions.
The equation for q˜ is very complicated, but for some special situations, it can be
reduced to the known pressure equations derived for shear flows varying in two direc-
tions. Unstratified, incompressible, non-magnetised flows would be the simplest case, for
which the pressure equation is studied for example in Hocking (1968), Goldstein (1976),
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Benney (1984), Henningson (1987), Hall & Horseman (1991); Li (2011) also re-derived
the same equation to find the semicircle theorem. If the compressibility is retained dur-
ing the reduction, the equation becomes that derived by Hall & Smith (1991) while if
the magnetohydrodynamic effect is included the equation found by Deguchi (2019a) is
recovered.
In many theoretical astrophysical studies, the flow is assumed to be independent of y
and the gravitational field is uniform; in this setup Adam (1978b) successfully derived
the semicircle theorem using the pressure equation. Unfortunately, it turns out that the
same strategy cannot work for the generalised flow configuration considered in this paper.
Adam (1978b) introduced a new variable, which is essentially q˜ multiplied by a certain
function of z, to remove some undesirable terms, but when the flow is dependent both
on y and z, the transformation produces many extra terms. However, as we shall see in
the next section, the issue here can nevertheless be resolved by simply going back to the
earlier work by Eckart (1963).
3. Usual and envelope semicircle theorems
3.1. Usual semicircle theorem
Let us begin our analysis by briefly reviewing the energy principle theory that forms the
basis of the derivation of the semicircle theorem. The energy balance in terms of the
Lagrange description can be analysed by first taking the inner product of (2.9) and the
complex conjugate of the displacement vector, and then integrating it by parts over the
domain Ω. The integrals associated with the first, second, and third terms on the left side
of (2.9) are referred to as the kinematic energy, gyroscopic term, and potential energy,
respectively. Bernstein et al. (1958) showed for the static case (u=0) that the base state
is stable if and only if the potential energy is positive definite, while in the presence of the
shear the positiveness only guarantees the sufficient condition of the stability (Frieman
& Rotenberg 1960).
In this section, we rearrange the terms in the energy principle equation to obtain
〈U2Q〉 = 〈L〉, (3.1)
which is in the form suitable to obtain the semicircle theorem as firstly noted by Eckart
(1963) for non-magnetised flows. Here
Q ≡ ρα2(|ξ|2 + |η|2 + |ζ|2), (3.2)
and
L = ρs2s|iαξ + ηy + ζz|2 + ρs2a{α2(|η|2 + |ζ|2) + |ηy + ζz|2}
+ ρ{(Gyη +Gzζ)∗(iαξ + ηy + ζz) + (Gyη +Gzζ)(iαξ + ηy + ζz)∗}
+ (Gyη +Gzζ)
∗(ρyη + ρzζ)
= ρs2s|iαξ + ηy + ζz + s−2s (Gyη +Gzζ)|2 + ρs2a|ηy + ζz|2
+ ρ{(N21 + s2aα2)|η|2 + (N22 + s2aα2)|ζ|2 +N212(ζ∗η + η∗ζ)} (3.3)
are real-valued functions. The ‘potential energy’ mentioned earlier is 〈u2Q〉 − 〈L〉.
Given the form (3.1), one could easily see that the only caveat in deriving the semicircle
theorem is that 〈L〉 must be non-negative. This condition is satisfied if s2aα2 +2(N21 +N22 )
is positive everywhere because the function L can be written in the quadratic form with
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the real symmetric matrix [
N21 + s
2
aα
2 N212
N212 N
2
2 + s
2
aα
2
]
(3.4)
and the eigenvalues of it are s2aα
2 and s2aα
2 + 2(N21 + N
2
2 ). Here we used the identity
N21N
2
2 = N
4
12.
The semicircle theorem holds for any wavenumbers as long as the flow is not unstably
stratified everywhere (i.e. if N21 + N
2
2 ≥ 0 is satisfied at all points in Ω). For unstable
modes of the stability problem (si 6= 0), the real and imaginary parts of equation (3.1)
becomes
〈{(u− sr)2 − s2i }Q〉 = 〈L〉, (3.5)
〈(u− sr)Q〉 = 0, (3.6)
respectively. As usual for Howard’s type theory, we then combine them with the obvious
inequality〈(
u−min
Ω
u
)(
u−max
Ω
u
)
Q
〉
= 〈{u2 − 2u+sr + u2+ − u2−}Q〉 ≤ 0, (3.7)
where
u± ≡ 1
2
(
max
Ω
u±min
Ω
u
)
, (3.8)
to yield
〈{(sr − u+)2 + s2i }Q〉 ≤ 〈u2−Q〉, (3.9)
which is nothing but the semicircle theorem ensuring that in the complex plane the
unstable eigenvalue s lies inside, or on, the semicircle in the upper half-plane, whose
centre and radius are u+ and u−, respectively. The theorem is here extended for quite
general flow configurations including those studied in Eckart (1963) and Adam (1978b).
Note that the results above might be not so surprising because for ideal fluids the force
operator F in (2.9) possesses the self-adjoint property, which is all we need to show that
L in (3.1) is purely real. The more substantive findings of this paper will be shown in the
next section, where we shall see that the energy principle equation allows us to improve
the eigenvalue bound given in the semicircle theorem.
3.2. Envelope semicircle theorem
The main tool to be used to improve the eigenvalue bound is the simple identity
〈{u2 − 2usr + s2r − s2i }Q〉 = 〈{(u− rc)2 + 2u(rc − sr) + s2r − r2c − s2i }Q〉
= 〈{(u− rc)2 − (sr − rc)2 − s2i }Q〉 (3.10)
that holds for an arbitrary real number rc. Here (3.6) is used in the second equality.
Equation (3.5) can thus be transformed into
〈{(sr − rc)2 + s2i }Q〉 = 〈(u− rc)2Q〉 − 〈L〉. (3.11)
If we can find a positive number R(rc) such that
〈(u− rc)2Q〉 − 〈L〉 ≤ R2〈Q〉, (3.12)
we can establish a semicircle theorem with the centre rc and the radius R(rc). The theory
works for any real number rc, and hence the eigenvalue bound in the complex plane can
be obtained by drawing the envelope of the semicircle changing rc.
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There are multiple ways to estimate the radius R in (3.12), but before the further
discussion, we shall make a few remarks on the relationship between the new eigenvalue
bound and the usual semicircle bound. First, we note that if 〈L〉 = 0, the best bound
found by (3.11) coincides with the usual semicircle. This can be easily checked by noticing
minΩ(u − rc) = u+ − u− − rc and maxΩ(u − rc) = u+ + u− − rc. Then the inequality
〈(u− rc)2Q〉 ≤ (|u+ − rc|+ |u−|)2〈Q〉 implies that all the semicircles contains the usual
semicircle. Second, if 〈L〉 > 0, the usual semicircle corresponds to the special case rc = u+
with the choice R = u−, which is certainly possible from the trivial inequality 〈(u −
u+)
2Q〉 − 〈L〉 < u2−〈Q〉. One may notice that this choice of R might be not optimal
because the property of 〈L〉 is not used except for its positiveness. In fact, the reason
why the envelope semicircle theorem below gives a better bound is that it uses that
property more effectively.
Now we shall establish three possible ways to calculate R(rc), for arbitrary rc. First
of all, we remark that the best possible eigenvalue bound could be found by seeking the
optimum value of R2 for all possible displacement functions. Thus in the first method
we define R so that
R2 ≡ max
ξ,η,ζ
〈(u− rc)2Q− L〉
〈Q〉 . (3.13)
The value of R2 may be able to find by the Euler-Lagrange equations
R2ξ = (u− rc)2ξ − (l†1x)/ρα2, (3.14a)
R2η = (u− rc)2η − {l†2x− ∂y(l†4x)}/ρα2, (3.14b)
R2ζ = (u− rc)2ζ − {l†3x− ∂z(l†4x)}/ρα2, (3.14c)
using some numerical eigenvalue solver (the daggers describe a Hermitian transpose).
Here x is the transpose of [ξ, η, ζ, ηy + ζz] and
l†1 = ρ[α
2s2s,−iαGy,−iαGz,−iαs2s], (3.15)
l†2 = ρ[iαGy, α
2s2a +Gy
ρy
ρ
,Gy
ρz
ρ
,Gy], (3.16)
l†3 = ρ[iαGz, Gz
ρy
ρ
, α2s2a +Gz
ρz
ρ
,Gz], (3.17)
l†4 = ρ[iαs
2
s, Gy, Gz, s
2
s + s
2
a]. (3.18)
However, this method is not practically very useful, because the computational effort to
solve the above differential equations is comparable to that for the stability problem. Be-
sides we may need to check if the stationary point found by the Euler-Lagrange equations
is a maximum, considering the second variational problem.
The computational cost can be reduced by using the fact that the terms in the energy
equation can be written in the quadratic form. In particular, we can find the Hermitian
matrix M such that
〈(u− rc)2Q〉 − 〈L〉 −R2〈Q〉 = 〈ρx†Mx〉, (3.19)
where a straightforward calculation yields
M = ρα2{(u− rc)2 −R2}diag(1, 1, 1, 0)−

l†1
l†2
l†3
l†4
 . (3.20)
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If the values of R2, rc are given, the eigenvalue of this matrix (λi(y, z), i = 1, 2, 3, 4 say)
can be easily found numerically at each point (y, z). Then the minimum value of R2 that
realises
0 = max
Ω
{max(λ1, λ2, λ3, λ4)} (3.21)
gives the radius of our interest. The above condition ensures the negative definiteness
of x†Mx everywhere, and therefore (3.12) follows using (3.19). Note that the eigenvalue
bound found in the second matrix method may be looser than the Euler-Lagrange bound,
because in the former method η, ζ, and ηy + ζz are treated independently.
The matrix idea above can be further advanced to yield an analytic eigenvalue bound.
We first note that using an arbitrary γ(y, z) > 0, the function L can be rewritten in the
form
L = ρ
{
γ
∣∣∣∣ηy + ζz + iαs2sξ +Gyη +Gzζγ
∣∣∣∣2 + (s2s + s2a − γ)|ηy + ζz|2
}
+ρξ†(α2L2 + αL1 + L0)ξ, (3.22)
where ξ is the transpose of [iξ, η, ζ], and
L2 =
 s2s(1− s
2
s
γ ) 0 0
0 s2a 0
0 0 s2a
 , L1 = (1− s2s
γ
)
 0 Gy GzGy 0 0
Gz 0 0
 ,
L0 =
 0 0 00 N̂21 N̂212
0 N̂212 N̂
2
2
 ,
are real symmetric matrices. The components in the last matrix are defined as
N̂21 = Gy
ρy
ρ
− G
2
y
γ
, N̂22 = Gz
ρz
ρ
− G
2
z
γ
, N̂212 = Gzρy −
GyGz
γ
. (3.23)
The eigenvalues of the 3 by 3 matrices L1 and L0 can be worked out analytically as{
0, (1− s
2
s
γ
)
√
G2y +G
2
z},−(1−
s2s
γ
)
√
G2y +G
2
z
}
,
{
0, 0, 2(N̂21 + N̂
2
2 )
}
, (3.24)
respectively.
The new form of L suggests that as long as γ ≤ s2s + s2a holds everywhere, the terms
in the curly bracket in (3.22) are positive definite, and thus we can drop them in the
derivation of the radius. A little drawback to do this is that this third eigenvalue bound
may become looser than the second bound.
Now, suppose at each y, z the largest eigenvalue of the matrices (u− rc)2I− L2, −L1,
−L0 are calculated (I is a 3 by 3 identity matrix); we denote them as λ2(y, z), λ1(y, z),
λ0(y, z), respectively. Then if γ ≤ s2s + s2a everywhere, from (3.11) and (3.22) we can
deduce
〈{(sr − rc)2 + s2i }Q〉 ≤ α2〈ρξ†{(u− rc)2I− L2 − λ2I}ξ〉
+α〈ρξ†{−L1 − λ1I}ξ〉+ 〈ρξ†{−L0 − λ0I}ξ〉
+〈(λ2 + α−1λ1 + α−2λ0)Q〉
≤ 〈(λ2 + α−1λ1 + α−2λ0)Q〉 ≤ R2〈Q〉, (3.25)
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where we have defined the radius as
R2 = max
Ω
(λ2 + α
−1λ1 + α−2λ0). (3.26)
At this stage R2 is dependent on our choice of the function γ. The best bound can be
obtained by choosing 0 < γ ≤ s2s + s2a that minimises λ ≡ (λ2 + α−1λ1 + α−2λ0) at each
point y, z. At γ = s2s the largest eigenvalue λ1 change its form (see (3.24)) so we consider
0 < γ < s2s and s
2
s ≤ γ ≤ s2s + s2a separately.
For s2s ≤ γ ≤ s2s + s2a, the largest eigenvalues are found as
λ2 = (u− rc)2 − s2s(1−
s2s
γ
), (3.27)
λ1 = (1− s
2
s
γ
)
√
G2y +G
2
z, (3.28)
λ0 = max(0,−2(N̂21 + N̂22 )). (3.29)
Thus if N̂21 + N̂
2
2 ≥ 0
λ = λ+(γ) ≡ (u− rc)2 − s2s +
√
G2y +G
2
z
α
+
s4s
γ
{
1− αc
α
}
, (3.30)
while if N̂21 + N̂
2
2 < 0
λ = λ−(γ) ≡ (u− rc)2 − s2s +
√
G2y +G
2
z
α
− 2Gyρy +Gzρz
ρα2
+
s4s
γ
{
1− αc
α
+
2α2c
α2
}
, (3.31)
where we have defined the critical wavenumber
αc ≡
√
G2y +G
2
z
s2s
. (3.32)
For those above two possible forms of λ, we can show for any γ1 < γ2 that (i) if α < αc,
then λ+(γ1) < λ+(γ2) and λ−(γ1) > λ−(γ2), and (ii) if α > αc, then λ+(γ1) > λ+(γ2)
and λ−(γ1) > λ−(γ2). From the second statement, if α > αc the larger the value of γ,
the smaller the associated value of λ; thus the best choice of γ is the largest possible
value s2a + s
2
s.
If α < αc, the situation is more complicated. Here it is convenient to introduce γc =
(G2y+G
2
z)/(
Gyρy+Gzρz
ρ ) to see the effect of γ on the buoyancy term. The condition γ > γc
(γ < γc) implies N̂
2
1 + N̂
2
2 > 0 (N̂
2
1 + N̂
2
2 < 0) and thus λ = λ+(γ) (λ = λ−(γ)) gives the
optimum. For the range of γ under consideration, N21 ≤ N̂21 ≤ N21a and N22 ≤ N̂22 ≤ N22a,
where
N21a =
Gyρy
ρ
− G
2
y
s2s + s
2
a
, N22a =
Gzρz
ρ
− G
2
z
s2s + s
2
a
. (3.33)
Depending on the sign of N21 +N
2
2 and N
2
1a +N
2
2a, following three cases are possible.
(a) If γc < s
2
s (i.e. 0 < N
2
1 +N
2
2 ), the optimum is λ+, and thus we select γ = s
2
s.
(b) If s2s + s
2
a < γc (i.e. N
2
1a +N
2
2a < 0), the optimum can be obtained by λ− and thus
we select γ = s2a + s
2
s.
(c) If s2s < γc < s
2
s + s
2
a (i.e. N
2
1 < 0 < N
2
1a), there are two possible optimums
λ+(s
2
s + s
2
a) and λ−(s
2
s), so we must compare them. From (3.30) and (3.31), λ−(s
2
s) −
λ+(s
2
s + s
2
a) = s
2
c(1− αcα )− 2α2 (N21 +N22 ), and thus if 2(N21 +N22 ) is smaller (larger) than
the threshold value s2cα(α− αc), the optimum λ+(s2s + s2a) (λ−(s2s)) must be chosen.
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Summarising, the third method yields the analytic eigenvalue bound below.
Theorem 1. The unstable complex phase speed s = sr + isi of (2.3) is bounded so
that (sr − rc)2 + s2i ≤ {R(rc)}2 for any real number rc. Here the radius R is determined
by R2 = maxΩ F (y, z), where
F (y, z) =
{
(u− rc)2 −min(0, 2(N
2
1 +N
2
2 )
α2 ) if s
2
cα(α− αc) < min(0, 2(N21 +N22 )),
(u− rc)2 + s2c(αcα − 1)−min(0, 2(N
2
1a+N
2
2a)
α2 ) otherwise.
Unlike the usual semicircle theorem, the radius of the parametrised semicircle could
become zero (i.e. R2 ≤ 0). If this happens at a certain rc, the base flow must be stable.
Even when it does not occur, the stability of the flow can be established if we can find
two disjoint circles for some two choices of rc. It is also noticeable that the eigenvalue
bound can be found even when the flow is unstably stratified somewhere.
For incompressible flows, the bound can be found by taking the limit ss → ∞, and
thus αc → 0. The theorem above contains the result by Hughes & Tobias (2001) for
incompressible, non-stratified flows, because two semicircles they derived corresponds to
the two special choices of rc = 0, u+. The contraction of the semicircle radius by the
external magnetic field can clearly be seen. As long as the flow is not unstably stratified,
F (y, z) is simply (u−rc)2−s2a, and therefore, the result by Gupta (1992) is also included
in the theorem (see Cally (2000) also, where the errors made in Gupta (1992) were
corrected).
Some stability conditions previously derived for compressible flows can also be recov-
ered. If there is no stratification effect, R2 = maxΩ{(u−rc)2−s2c}. The condition R2 ≤ 0
coincides with the stability condition obtained in Cally (2000); the flow is stable if there
exists a Galilean frame in which the flow nowhere exceeds the cusp speed. Moreover, if
there is no shear (u = 0) and the flow is not unstably stratified everywhere, there is no
growing perturbation because
F (y, z) =
{
0 if s2c(
αc
α − 1) > 0,
s2c(
αc
α − 1) otherwise,
and thus R2 ≤ 0. This result is of course a generalised stratification analog of the stability
condition by Newcomb (1961).
Here we also briefly comment on the stability condition derived in Adam (1978a), who
used the energy principle for the base field depending only on z. His method is based
on the minimisation problem of the potential energy I = 〈u2Q − L〉, because if it is
always positive, as mentioned earlier, the flow is stable (Frieman & Rotenberg 1960). A
flaw here is that the minimum is always zero if it exists, and thus the sign of it does
not provide a meaningful condition. Actually, in order to calculate the stationary value
of I, Adam (1978a) essentially assumed the existence of a non-trivial Euler-Lagrange
solution (3.14) with the eigenvalue R2 zero; however it is unlikely to occur except for
very special cases. Moreover, the second variational problem considered in that paper
treats only two displacement components, and the consideration of it does not guarantee
that the stationary point is minimum for all possible displacements. The derivation of the
stability conditions by Hughes & Tobias (2004), based on the theory by Adam (1978a),
is hence not correct as well. In fact, the aforementioned first method here serves a more
appropriate way to link the stability and the energy principle via the optimisation of the
normalised version of I, namely (3.13).
In order to investigate the implication of Theorem 1, consider the model flow in an
annulus (r, θ) ∈ [0.5, 1]× [0, 2pi], specified in the polar coordinates. At r = 0.5 and 1, we
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Figure 1. The eigenvalue bounds for the model flow. Theorem 1 is used with α0 = 0.4. Upper
panel: The red solid curves are the semicircles for various choices of rc, and the green curve is
their envelope. s2c = 2.5. Middle panel: The envelopes for s
2
c = 0.5, 1.5 and 2.5. The red filled
circle indicates the point at which the envelope vanishes when s2c ≈ 2.69. Lower panel: The
variation of the upper bound of si against sc.
set impermeable walls. The base shear we take
u(r, θ) =
(
1 +
1
2
cos2 θ +
1
2
cos4 θ
)
e10(r−1) − 1 (3.34)
possesses a boundary layer near the outer cylinder wall. The azimuthal structure of it has
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some similarity to the shear profile model for the tachocline formulated in Charbonneau
et al. (1998). Note that the flow range is normalised to be approximately [−1, 1], and
thus the usual semicircle bound is centred at the origin in the complex plane and has a
unit radius. The potential field G is the two-dimensional Newtonian gravitational field
proportional to ln r. Moreover, we assume that the base flow is isothermal, and that the
Alfve´n wave speed sa associated with the applied magnetic field is uniform. Under those
conditions, the sound and cusp wave speeds become constants, and αc/α can be written
as α0/r with a constant α0. The base flow is stably stratified everywhere, and thus the
eigenvalue bound depends only on the two constants s2c and α0.
The upper panel of Figure 1 shows how the net eigenvalue bound can be found for
α0 = 0.4 and s
2
c = 2.5. The red solid curves are the semicircles with the radius R(rc) for
various choices of rc. Since the eigenvalue must lie within those semicircles for any rc, the
net bound can be found by the envelope shown by the green dashed curve. As seen in the
middle panel, the net bound shrinks with increasing s2c , and ultimately the region where
the eigenvalues could be found vanishes. The critical value of s2c above which the flow
must be stabilised is approximately 2.69; see the lower panel where the upper bound of si
found by the envelope is plotted. Note that if there were no stratification this stabilisation
of the flow would have happened when s2c = 1. Somewhat counter-intuitively, the theorem
tells us that even stable stratification extends the eigenvalue bound. Nevertheless, the
stabilisation effect of the stable stratification on the bound can be observed by developing
the semi-ellipse-type theorem, as we shall show in the next section.
4. Miles-Howard theory and semi-ellipse type theorem
The aim of this section is to find a tighter eigenvalue bound for stably stratified flows.
Throughout the section, we assume that N21 + N
2
2 ≥ 0 everywhere. For the generalised
non-planer flows, we shall first show how the Miles-Howard condition must be modified
in section 4.1, and based on this result, an improved eigenvalue bound will be proved in
section 4.2. Those results are greatly motivated by Fung (1986), who showed the Kocker
& Jain (1979a) theory can be used for incompressible, non-magnetised non-planer shear
flows.
4.1. Miles-Howard stability condition for non-planer generalised flows
The main question here is that how compressibility and magnetohydrodynamic effects of
the flow can be included to the Miles-Howard theory. The methods used by Chimonas
(1970) and Kocker & Jain (1979b) are unfortunaterly not applicable when the base flow
depends on two variables. However, this difficulty can be avoided by first describing the
problem in terms of the Lagrangian displacement, and then, following the derivation of
many previous Miles-Howard type theory, rescaling the perturbation quantities by U1/2.
The governing equations for the rescaled displacement ϕ = U1/2ξ, φ = U1/2η, ψ = U1/2ζ
can be found by (2.6b), (2.6c) and (2.7):
U1/2q˜ = −ρs2aκ̂− (s2sρ(iαϕ+ κ̂) + ρĜ), (4.1a)
ρα2U2ϕ = −iα(s2sρ(iαϕ+ κ̂) + ρĜ), (4.1b)
α2ρU−1(U2 − s2a)φ = U−1/2q˜y + U−1Gy(ρyφ+ ρzψ + ρ(iαϕ+ κ̂)), (4.1c)
α2ρU−1(U2 − s2a)ψ = U−1/2q˜z + U−1Gz(ρyφ+ ρzψ + ρ(iαϕ+ κ̂)). (4.1d)
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For the sake of simplicity we have defined Ĝ = Gyφ+Gzψ and
κ̂ = U1/2(ηy + ζz) = κ̂1 − U−1κ̂2, (4.2)
κ̂1 = φy + ψz, κ̂2 =
1
2
(Uyφ+ Uzψ). (4.3)
Next we multiply φ∗ and ψ∗ to (4.1c) and (4.1d) respectively, and then add them
together. Integrating the resultant equation by parts over the domain, noting
(U−1/2φ∗)y q˜ + (U−1/2ψ∗)z q˜ = U−1/2(κ̂∗1 − U−1κ̂∗2)q˜,
and eliminating q˜ and ϕ using
ϕ =
(s2sκ̂+ Ĝ)
iα(U2 − s2s)
, iαϕ+ κ̂ =
U2κ̂+ Ĝ
U2 − s2s
, (4.4)
U1/2q˜ = −ρ(s
2
a + s
2
s)(U
2 − s2c)κ̂
U2 − s2s
− U
2ρĜ
U2 − s2s
, (4.5)
derived by (4.1a) and (4.1b), we arrive at the integral (A 1) in Appendix A.
Assuming si 6= 0, from the imaginary part of that integral we can deduce (see Appendix
A)
0 =
〈
Q1 +
f̂b
|U |2 −
ρ|κ̂2|2
|U |2
(
s2s
|U |2 + s2s
+
s2a
|U |2
)〉
, (4.6)
where
Q1 = ρ
(
1 +
s2a
|U |2
)
α2(|φ|2 + |ψ|2)
+ρs2s
|U |2 + s2s
|U2 − s2s|2
∣∣∣∣∣κ̂1 − 2Ur|U |2 + s2s κ̂2 + Ĝs2s
∣∣∣∣∣
2
+ ρ
s2a
|U |2
∣∣∣∣κ̂− 2Ur|U |2 κ̂2
∣∣∣∣2 (4.7)
is a real positive function (Ur = u− sr is the real part of U) and
f̂b =
Gy
ρy
|ρyφ+ ρzψ|2 −
ρ
s2s
|Ĝ|2 (4.8)
denotes the buoyancy related terms. Clearly, in view of (4.6), instability is not possible
when f̂b − ρ|κ̂2|2( s
2
s
|U |2+s2s +
s2a
|U |2 ) is positive everywhere, and this is satisfied if
f̂b − ρ|κ̂2|2
(
1 +
S2a
s2i
)
≥ 0, S2s ≡ max
Ω
s2s (4.9)
at each point in the domain.
Meanwhile let us turn off the external magnetic effect (sa = 0). In this case, stability
of the flow is guaranteed if f̂bρ −|κ̂2|2 ≥ 0 everywhere. Now we note that for a real number
Jm,
f̂b
ρ
− 4Jm|κ̂2|2 = [φ∗ψ∗]
[
u2y(J1 − Jm) uyuz(J12 − Jm)
uyuz(J12 − Jm) u2z(J2 − Jm)
] [
φ
ψ
]
. (4.10)
Here we have defined the generalised Richardson numbers
J1 =
N21
u2y
, J2 =
N22
u2z
, J12 =
N212
uyuz
, (4.11)
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following Fung (1986). The eigenvalues of the matrix in (4.10) are found as
λ± =
(u2y + u
2
z)(J − Jm)±
√
(u2y + u
2
z)
2(J − Jm)2 − 4u2yu2zJm(2J12 − J1 − J2)
2
, (4.12)
using
J =
N21 +N
2
2
u2y + u
2
z
. (4.13)
If both of the roots are positive, the right side of (4.10) is positive, and hence the Miles-
Howard like condition
Jm ≥ 1
4
(4.14)
guarantees the stability of the flow.
Hereafter we set Jm = minΩ J ; this is a non-negative number since we assume that
the flow is not unstably stratified. Then clearly λ+ is non-negative, but to have λ− ≥ 0
the condition
J12 ≤ J1 + J2
2
(4.15)
must hold, as firstly noticed by Fung (1986). However, the question unanswered in that
paper is that in what specific situation the second condition (4.15) is guaranteed. Un-
fortunately, we can show that λ− ≤ 0 and therefore the Miles-Howard type stability
condition can only be proved for the specific case λ− = 0. This special flow occurs when
the directions of the shear and the stratification are aligned (J1 = J2 = J12) everywhere;
see Appendix B. For the sake of a brief explanation, it is sufficient to notice the identity
J1J2 = J
2
12 that follows from (4.11). This implies that J12 is the geometric mean of J1 and
J2, which must be smaller or equal to the arithmetic mean (J1 +J2)/2, and thus J1 = J2
must be satisfied to ensure (4.15). Physically, the necessity of this shear-stratification
aligned constraint can be understood by the nature of the Miles-Howard stability condi-
tion. The stability condition measures the competition of the stabilisation effect of the
stratification and the destabilisation effect of the shear, and allows us to conclude the
stability when there is a sufficient amount of the stabilisation effect. In other words, the
existence of the shear in the cross-stratification direction is not desirable to guarantee
the stability, because there is no stabilisation effect in this direction.
In the presence of an external magnetised field (sa 6= 0), (4.9) implies that there is no
unstable eigenvalue satisfying
0 ≤ f̂b
ρ
− |κ̂2|2
(
1 +
S2a
s2i
)
, (4.16)
where S2a = maxΩ s
2
a. Assuming the shear-stratification aligned condition J1 = J2 = J12,
the argument similar to the non-magnetised case leads that there is no unstable eigenvalue
satisfying s2i (4Jm − 1) ≥ S2a. The Miles-Howard condition is no more valid if an external
magnetic field exists. Instead, if Jm > 1/4, the imaginary part of the eigenvalue has the
upper bound
s2i ≤
S2a
4Jm − 1 . (4.17)
This is a much weaker result than the Miles-Howard condition, but the analysis here is
nonetheless useful as it can be combined with the semicircle theorem to yield a tighter
bound similar to the semi-ellipse type by Kockar & Jain (1979a).
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4.2. Semi-ellipse type improved eigenvalue bound
First we show that there is an alternative way to find the semicircle theorem. Writing
κ = ηy + ζz, D = iαξ + κ,G = (Gyη +Gzζ), from (2.6c) and (2.7a)
ρα2U2ξ = −iα(s2sρD + ρG) (4.18)
and (2.7b), (2.7c), (2.6b) becomes
α2ρ(U2 − s2a)η = q˜y +Gy(ηρy + ζρz + ρD), (4.19)
α2ρ(U2 − s2a)ζ = q˜z +Gz(ηρy + ζρz + ρD), (4.20)
q˜ = −ρs2aκ− (s2sρD + ρG). (4.21)
The integration by parts of η∗×(4.19)+ζ∗×(4.20) over the domain becomes
〈α2ρ(U2 − s2a)(|η|2 + |ζ|2)〉 = 〈G∗(ηρy + ζρz) + ρ(G∗D + κ∗s2sD + κ∗G + s2a|κ|2)〉,(4.22)
after eliminating q˜ using (4.21). Further using the identities D = U2κ+GU2−s2s and G
∗D +
κ∗s2sD+κ∗G = s
2
sU
2|κ+s−2s G|2
U2−s2s −
|G|2
s2s
led by (4.18), the integral above can be simplified as
〈U2Q2〉 =
〈
ρ
s2s|U |4|κ+ s−2s G|2
|U2 − s2s|2
+ fb + ρs
2
a(α
2(|η|2 + |ζ|2) + |κ|2)
〉
. (4.23)
Here
Q2 = α
2ρ(|η|2 + |ζ|2) + ρs
4
s|κ+ s−2s G|2
|U2 − s2s|2
(4.24)
is a real and positive function, and
fb = U
−1/2f̂b =
Gy
ρy
|ρyη + ρzζ|2 −
ρ
s2s
|G|2 (4.25)
is the buoyancy related term.
The right side of (4.23) is real and positive, and thus it is in a suitable form to derive
the semicircle theorem for stably stratified flows. The argument similar to section 3.1
yields
〈{u2− − (sr − u+)2 − s2i −Θ}Q2〉 ≥ 〈fb〉, (4.26)
where a real number Θ is introduced to express the contraction of the semicircle radius√
u2− −Θ. Obviously, as did in section 3.2, we could parametrise the centre of the semi-
circle to get a better and more complex bound, but this is not attempted for the sake of
clarity.
If there is no stratification at all (G ≡ 0), we may choose
Θ = min
Ω
min
(
s2a, s
2
c +
s2a
s2c
s4i
s2s
)
(4.27)
noting the identity |U |
4
s2s
+
s2a
s4s
|U2− s2s|2 = s2c + s
2
s+s
2
a
s4s
|U2− s2c |2. While if the flow is stably
stratified the best choice of Θ would be
Θ = min
Ω
min
(
s2a,
s4i
s2s
)
, (4.28)
meaning that the contraction of the semicircle radius is weaker than (4.27). Instead,
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the bound can be tightened by estimating the right hand side of (4.26) using the result
obtained in section 4.1.
In order to use the result in section 4.1, we need to link Q1 and Q2. Writing κ̂1 =
U1/2κ+ U−1/2κ2 with κ2 = U−1/2κ̂2 = (Uyη + Uzζ)/2, we obtain the identity
κ̂1 − 2Ur|U |2 + s2s
κ̂2 +
Ĝ
s2s
= U1/2(κ+
G
s2s
) + U−1/2κ2(1− 2UrU|U |2 + s2s
). (4.29)
From the elemental inequality f1f
∗
2 + f
∗
1 f2 ≤ 2|f1||f2| for any complex values f1, f2, we
can find the following estimates for the terms appeared in (4.7):∣∣∣∣∣κ̂1 − 2Ur|U |2 + s2s κ̂2 + Ĝs2s
∣∣∣∣∣
2
≥ |U |
∣∣∣∣κ+ Gs2s
∣∣∣∣2 + |U2 − s2s|2(|U |2 + s2s)2 |κ2|
2
|U | − 2
|U2 − s2s|
|U |2 + s2s
|κ2|
∣∣∣∣κ+ Gs2s
∣∣∣∣ , (4.30)∣∣∣∣κ̂1 − 2Ur|U |2 κ̂2
∣∣∣∣2 ≥ |U ||κ|2 + |κ2|2|U | − 2|κ2||κ|. (4.31)
Here the identity |U2 − s2s|2 = (|U |2 + s2s)2 − 4U2r s2s may be useful to derive the first
inequality. The inequalities (4.30) and (4.31) can be used to show that
Q1 ≥ |U |Q2 + ρ|κ̂2|
2
|U |
(
s2s
|U |2 + s2s
+
s2a
|U |2
)
− 2ρ|κ2|s
2
s|κ+ s−2s G|
|U2 − s2s|
− 2ρ s
2
a
|U |2 |κ2||κ|.
The above estimate can be combined with (4.6) to yield
0 ≥
〈
|U |Q2 + fb|U | −
ρ
|U |
S2a
s2i
|κ2|2 − 2ρ|κ2|s
2
s|κ+ s−2s G|
|U2 − s2s|
〉
. (4.32)
Here it is convenient to write
A ≡
√
〈|U |Q2〉, B ≡
√〈
4ρ
|U | |κ2|
2
〉
, F ≡ 1B2
〈
fb
|U | −
ρ
|U |
S2a
s2i
|κ2|2
〉
. (4.33)
Noting that 〈2ρ|κ2| s
2
s|κ+s−2s g|
|U2−s2s| 〉 ≤ AB holds because of the Schwarz inequality, the in-
equality (4.32) can be written in the simple form
0 ≥ A2 −AB + B2F . (4.34)
Recall that we have analysed (4.10) in section 4.1 and the result there can be used to
show
f̂b − 4Jmρ|κ̂2|2 + λmρ(|φ|2 + |ψ|2) ≥ 0, λm ≡ max
Ω
|λ−|. (4.35)
Integrating this inequality we can deduce
〈fb〉 ≥ 〈4Jmρ|κ2|2 + λmρ(|η|2 + |ζ|2)〉 ≥ 4Jm〈ρ|κ2|2〉 − λm
α2
〈Q2〉 (4.36)
and (
F + S
2
a
4s2i
)
B2 =
〈
fb
|U |
〉
≥ 4Jm
〈
ρ|κ2|2
|U |
〉
− λm
α2
〈
Q2
|U |
〉
≥ JmB2 − λm
α2s2i
A2. (4.37)
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Together with (4.34), the latter inequality becomes
0 ≥ µ
(A
B −
1
2µ
)2
− 1
4µ
+ Jm − S
2
a
4s2i
, (4.38)
where
µ ≡ 1− λm
α2s2i
. (4.39)
Hereafter we consider unstable eigenvalues that make µ positive; otherwise the usual
semicircle theorem must be used. In this case (4.38) can be used to shaw that the quantity
A/B is bounded as
A
B ≤
1 +
√
1 + µ(
S2a
s2i
− 4Jm)
2µ
≡ C. (4.40)
The definitions of A and B (see (4.33)) implies
A2
B2 ≥ s
2
i
〈Q2〉
〈4ρ|κ2|2〉 (4.41)
and thus we have the bound of the buoyancy term
〈fb〉 ≥
(
Jm
s2i
C2
− λm
α2
)
〈Q2〉 (4.42)
through (4.36). Note that the argument of the square root appeared in (4.40) must be
always positive. From (4.6) we can show for any unstable modes〈
1
|U |2
{
ρα2s2i (|φ|2 + |ψ|2) + f̂b − ρ|κ̂2|2
(
1 +
S2a
s2i
)}〉
< 0 (4.43)
and thus we can further use (4.35) to find that〈
1
|U |2
{
ρ(α2s2i − λm)(|φ|2 + |ψ|2) + ρ(4Jm −
(
1 +
S2a
s2i
)
)|κ̂2|2
}〉
< 0, (4.44)
from which clearly 1 +
S2a
s2i
− 4Jm > 0 when µ > 0. This final inequality is sufficient to
show the positiveness of the argument (note that µ ≤ 1); also, if Jm > 1/4, the inequality
(4.17) must be satisfied.
The estimate (4.42) can be combined with (4.26) to yield the following theorem.
Theorem 2. If the base flow is not unstably stratified everywhere, the unstable complex
phase speed s = sr + isi of (2.3) is bounded so that
(sr − u+)2 + Γs2i ≤ u2− −min
Ω
min
(
s2a,
s4i
s2s
)
with
Γ =
 max
(
1, µ+ 4µ2Jm
{
1 +
√
1 + µ
(
maxΩ s2a
s2i
− 4Jm
)}−2)
if µ > 0,
1 otherwise,
where Jm = minΩ J and
µ = 1−max
Ω
√
(u2y + u
2
z)
2(J − Jm)2 + 4u2yu2zJm(J1 + J2 − 2J12)− (u2y + u2z)(J − Jm)
2α2s2i
.
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Figure 2. The eigenvalue bound inferred by Theorem 2 for u+ = 0, u− = 1, µ = 1,
s2a = 0.1, s
2
s = 0.4. The solid, dashed, dotted and dot dashed curves correspond to
Jm = 0.1, 0.2, 0.3, 0.4, respectively.
If Jm >
1
4 and µ > 0, the inequality s
2
i ≤ maxΩ s
2
a
4Jm−1 must also be satisfied.
The bound is influenced by the stabilisation effect of the stratification when Γ is less
than unity. Recall that the positive number λm appeared in (4.39) measures the strength
of the shear perpendicular to the stratification. If this number is large enough, the im-
provement of the bound cannot occur. For example, since s2i ≤ u2−, the improvement is
not possible when λm > α
2u2− because the condition µ > 0 cannot be satisfied.
Let us find out how the eigenvalue bound looks like in the complex plane. It is conve-
nient to normalise the range of u to be [−1, 1] so that the usual semicircle has the radius
unity and is centred at the origin. Furthermore, we assume the shear-stratification aligned
condition (J1 = J2 = J12, namely µ is always unity and Jm = minΩ J1) and uniform
Alfve´n and sound speeds. In this case, the bound can be simplified as
(sr − u+)2 + s2i
 4Jm(1 +√1 + s2a
s2i
− 4Jm
)2 + 1
 ≤ u2− −min
(
s2a,
s4i
s2s
)
, (4.45a)
s2i ≤
s2a
4Jm − 1 if Jm >
1
4
. (4.45b)
The result by Fung (1986) can be recovered by taking the limit of s2a, s
−2
s → 0.
The eigenvalue bounds (4.45) for (s2a, s
2
s) = (0.1, 0.4) and various values of Jm are
shown in Figure 2. If Jm ≤ 14 the bound should be on one of the two different ellipses,
defined by the two possible values of the right side of (4.45a). The bounds for Jm = 0.1, 0.2
in the figure indeed consist of a part of the two ellipses, where the middle part of the
boundary is determined by the right-side value 1−s2a and the near ends by 1−s4i /s2s. For
Jm >
1
4 we must also consider the second inequality (4.45b) describing the upper bound
of si found in section 4.1. For Jm = 0.3 this upper bound of si is about 0.71, which is well
above the bound determined by the ellipse, and thus the overall structure of the bound
is unchanged from the previous two cases. However, for Jm = 0.4, the upper bound of
si intersects with the ellipse type bound. The flat top of the bound seen in the figure
corresponds to the bound (4.45b) at ≈ 0.41.
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Figure 3. The net upper bound of si found by Theorem 2. The flow considered is the same
as figure 2, but the values of s2a and s
2
s are varied. The panels (a)-(d) are computed for
Jm = 0.1, 0.2, 0.3, 0.4, respectively.
As noticed in section 4.1, the existence of the external magnetic field breaks the Miles-
Howard stability condition. Therefore, as seen in figure 2, the value of Jm greater than
the quarter no longer implies the stability of the flow. Figure 3 shows how the net upper
bound of si found by Theorem 2 depends on s
2
a, s
2
s and Jm. If the Alfve´n velocity is small
enough, the behaviour of the eigenvalue bound is similar to the non-magnetised flows that
the upper bound of si is significantly suppressed for Jm >
1
4 . However, for sufficiently
large Alfve´n velocity, the bound is rather insensitive to the value of Jm, although it is
true that with increasing Jm the flow is gradually stabilised.
5. Conclusion
We have established eigenvalue bounds for the ideal stability of compressible stratified
magneto-shear flows varying in two transverse directions for the first time. The two
bounds obtained are the improved versions of the Howard semicircle theorem, and they
are new even for the classical planer base flows depending only on a single coordinate.
The first type bound was obtained by combining the Howard semicircle theorem and
the energy principle for the Lagrangian displacement. The key step to obtain the bound
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improved by the usual semicircle theorem is to realise the centre of it can be parametrised
by a real number rc. Essentially, for each rc, the radius R(rc) of the semicircle can be
determined by estimating the upper bound of the normalised ‘potential energy’ under
the Galilean boost by the speed rc. Then since the unstable eigenvalues should lie in the
semicircles for any rc, we can grasp the whole picture of the net eigenvalue bound by
drawing an envelope of them. Three possible ways to obtain the semicircle radius were
proposed, one of which leads to an analytical representation of the eigenvalue bound.
A remarkable property of this envelope type theory is that the stability of the flow
can be shown when the radius of the semicircle becomes zero at some rc. The analytic
result includes the eigenvalue bounds previously found by Adam (1978b), Gupta (1992),
Hughes & Tobias (2001), and the stability conditions deduced in Newcomb (1961) and
Cally (2000). The main idea used in the first type bound is so simple that it can be
applicable for many other flows. Of particular interest is the extension of the theory
to spherical coordinates because such extended theory may have some relevance to the
study of solar/planetary atmospheres. In fact, extensions of the usual semicircle theorem
for two-dimensional purely hydrodynamic flows to the spherical coordinates have been
attempted in the geophysics community (e.g. Thuburn & Haynes (1996), Sasaki et al.
(2012)).
The second type bound is similar to the semi-ellipse theorem by Kochar & Jain (1979a),
where the inequality used for the Miles-Howard condition is employed to tighten the
semicircle bound. Following Fung (1986), the flow is assumed to be subjected to the
general potential force field varying in two directions. While such a generalisation might
seem to complicate the problem, it actually makes the underlying physical mechanisms
clearer. It turned out that the Miles-Howard stability condition can be used only when the
direction of the shear and the stratification is aligned, and there is no external magnetic
field. When unstable modes exist, the eigenvalues are bounded by the improved version of
the semicircle theorem, obtained in the spirit of Kochar & Jain (1979a). Consistent with
the caveat found for the stability condition, the existence of the shear perpendicular to
the direction of the stratification reduces the amount of the improvement on the bound.
Moreover, when the applied magnetic field is large enough, the stabilising effect of the
stratifidcation is much less pronounced than in purely hydrodynamic cases. The discovery
that the Miles-Howard type stabilisation mechanism might be not so robust suggests the
existence of instabilities in various real-world stratified shear flow problems which are
believed to be stable. For example, the Richardson number in the tachocline is known to
be much larger than a quarter, but it might not guarantee the stability of the flow due
to the magnetic fields present.
We also remark here that the eigenvalue bound found by Cally (1983) can be extended
to the generalised non-planer flows, if the effect of the stratification is omitted; see Ap-
pendix C. Whether the bound can be found for stratified flows is an open question.
The main problem here is that the theory by Warren (1970) for certain second-order
ordinary differential equations on which Cally’s analysis based cannot be applied for the
generalised non-planer flow configuration.
As shown in this paper, Howard’s semicircle theorem and the Miles-Howard stability
condition can be extended for quite broad flow configurations. On the other hand, the
Rayleigh’s inflection point theorem is more difficult to apply for generalised non-planer
flows, because it is essentially comes from the conservation of vorticity that cannot be used
for three-dimensional flows (see Arnold 1978; Dowling 1995). It would be worth noting
that recently Deguchi (2019c) nevertheless derived a simple condition for the existence of
a neutral mode for flows sheared in two directions. This is an extension of the result by
Lin (1955), who showed that the inflection point condition can also be used to check the
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existence of a neutral mode in the classical shear flow problem. The key simplification
here is that for neutral perturbations we only need to analyse the property of the flow
around the critical layer at which the wave becomes singular. For compressible, stratified
magneto-shear flows the structure of the singular layer is expected to become much more
complicated, and so it is of interest to see how the condition should be modified.
The author wishes to acknowledge useful conversations with Professor P. Cally. This
work was supported by Australian Research Council Discovery Early Career Researcher
Award DE170100171.
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Appendix A. The calculation of the integral in section 4.1
The integration by parts of φ∗×(4.1c)+ψ∗×(4.1d) over the domain yields
0 =
〈
α2ρ
U2 − s2a
U
(|φ|2 + |ψ|2)− Gy
Uρy
|ρyφ+ ρzψ|2
−ρs
2
a
U
(
|κ̂1|2 + |κ̂2|
2
U2
− κ̂
∗
2κ̂1 + κ̂2κ̂
∗
1
U
)
−ρ s
2
sU
U2 − s2s
(
|κ̂1|2 + |κ̂2|
2
U2
− κ̂
∗
2κ̂1 + κ̂2κ̂
∗
1
U
)
−Uρ{(κ̂
∗
1 − U−1κ̂∗2)Ĝ + Ĝ∗(κ̂1 − U−1κ̂2)}
U2 − s2s
− ρ|Ĝ|
2
U(U2 − s2s)
〉
. (A 1)
Let us extract the imaginary part of the integrand. The imaginary parts of the terms in
the first to forth lines above can be found as
−α2ρ(1 + s
2
a
|U |2 )(|φ|
2 + |ψ|2)− Gy|U |2ρy
|ρyφ+ ρzψ|2, (A 2a)
−ρs2a
|κ̂1|2
|U |2 − ρs
2
a
(4U2r − |U |2)|κ̂2|2
|U |6 + ρs
2
a
2Ur(κ̂
∗
2κ̂1 + κ̂2κ̂
∗
1)
|U |4 , (A 2b)
−ρs2s
(|U |2 + s2s)|κ̂1|2
|U2 − s2s|2
+ ρs2s
2Ur(κ̂
∗
2κ̂1 + κ̂2κ̂
∗
1)
|U2 − s2s|2
+ ρs2s
(|U |2 + s2s − 4U2r )|κ̂2|2
|U |2|U2 − s2s|2
, (A 2c)
−ρ (|U |
2 + s2s)(κ̂
∗
1Ĝ + Ĝ∗κ̂1)
|U2 − s2s|2
+ ρ
2Ur(κ̂
∗
2Ĝ + Ĝ∗κ̂2)
|U2 − s2s|2
+ ρ
(|U |2 + s2s − 4U2r )|Ĝ|2
|U |2|U2 − s2s|2
, (A 2d)
respectively. Here Ur represents the real part of U .
The terms in (A 2b) can be transformed into
−ρ s
2
a
|U |2 |κ̂−
2Ur
|U |2 κ̂2|
2 + ρ
s2a
|U |4 |κ̂2|
2, (A 3)
while the summation of the terms shown in (A 2c) and (A 2d) becomes
−ρs2s
|U |2 + s2s
|U2 − s2s|2
∣∣∣∣κ̂1 − 2Ur|U |2 + s2s κ̂2 + ĝs2s
∣∣∣∣2
+ρ
s2s|κ̂2|2
|U2 − s2s|2
(
4U2r
|U |2 + s2s
+
|U |2 + s2s − 4U2r
|U |2|U2 − s2s|2
)
+ρ
|Ĝ|2
|U2 − s2s|2
( |U |2 + s2s
s2s
+
|U |2 + s2s − 4U2r
|U |2
)
. (A 4)
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Further applying the identities
4U2r
|U |2 + s2s
+
|U |2 + s2s − 4U2r
|U |2 =
|U2 − s2s|2
|U |2(|U |2 + s2s)
, (A 5a)
|U |2 + s2s
s2s
+
|U |2 + s2s − 4U2r
|U |2 =
|U2 − s2s|2
|U |2s2s
, (A 5b)
to (A 4), equation (4.6) in the main text follows.
Appendix B. The shear-stratification aligned condition
Here we show that 2J12 − J1 − J2 ≤ 0 (therefore λ− ≤ 0), and the equality occurs
only when the directions of the shear and the stratifications are aligned. Choose a point
(y, z) in the domain, and consider the two local Cartesian coordinates attached to the
contours of u and G. Let n and ν be the coordinates normal to the contours of u and G,
respectively. Noting that the contours of ρ and G coinsides from (2.2),
2J12 − J1 − J2 =
{
2
(
νy
ny
)(
νz
nz
)
−
(
νy
ny
)2
−
(
νz
nz
)2} Gνρν
ρ − G
2
ν
s2s
u2n
, (B 1)
where the subscripts n and ν represent partial differentiations. The terms in the curly
bracket are negative definite because the eigenvalues of the matrix associated with the
quadratic form are 0 and −2. Also, the net buoyancy frequency Gνρνρ − G
2
ν
s2s
must be
positive because
N21 +N
2
2 = (ν
2
y + ν
2
z )
(
Gνρν
ρ
− G
2
ν
s2s
)
(B 2)
and stably stratified flows are considered. Thus the function 2J12 − J1 − J2 is negative
definite.
For stably stratified flows 2J12−J1−J2 = 0 implies that the terms in the curly bracket
in (B 1) vanish. This is possible only when
νy
ny
= νznz , namely the contours of u and G are
aligned (the gradients of u and G are parallel and J1 = J2 = J12).
Appendix C. Eigenvalue bound by Cally (1983)
If there is no stratification effect, the eigenvalue bound found by Cally (1983) for two-
dimensional flows can be extended for the base flow varying in two directions. We use
the fact that when G ≡ 0 the pressure equation can be simplified as(
q˜y
Λa
)
y
+
(
q˜z
Λa
)
z
= α2
s2s − U2
s2s + s
2
a
(
q˜
Λc
)
. (C 1)
Now we write A = α
2
Λc
s2s−U2
s2s+s
2
a
and rescale the pressure as q˜ = Dqˇ using D, which is an
arbitrary function of y, z at this stage. Then equation (C 1) becomes
D−1
(
Λ−1a D
2qˇy
)
y
+D−1
(
Λ−1a D
2qˇz
)
z
− {AD − (Λ−1a Dy)y − (Λ−1a Dz)z}qˇ = 0. (C 2)
Multiplying Dqˇ∗ to the above equation and integrating by parts over the domain, from
the imaginary part we can deduce
0 = 〈K0(|qˇy|2 + |qˇz|2) +K1(|qˇ|2)y +K2(|qˇ|2)z +K3|qˇ|2〉, (C 3)
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where
K0 = =
(
D2
Λa
)
, K1 = =
(
DDy
Λa
)
, K2 = =
(
DDz
Λa
)
, K3 = =
(
AD2 +
D2y +D
2
z
Λa
)
.
Here we note the identity
K0|qˇy|2 +K1(|qˇ|2)y =
(√
K0|qˇy| − |K1|√
K0
|qˇ|
)2
+ 2|K1||qˇ||qˇy|+K1(|qˇ|2)y − K
2
1
K0
|qˇ|2,
where the sum of the first three terms on the right side must be larger than or equals to
zero (note that 2|qˇ||qˇy| ≤ (|qˇ|2)y). Obviously similar identity holds for K0|qˇz|2+K2(|qˇ|2)z.
Thus (C 3) becomes
0 ≥
〈(
K3 − K
2
1 +K
2
2
K0
)
|qˇ|2
〉
. (C 4)
Following Cally (1983), let us set D2 = 1/U∗ and assume the positiveness of the growth
rate si > 0 to find the eigenvalue bound for unstable modes. With this choice of D it is
easy to show that
K0 =
=(Λ∗aD2)
|Λa|2 = si
ρ(|U |2 + s2a)
|Λa|2|U |2 > 0. (C 5)
The positiveness ofK0 and (C 4) imply that in order to have instabilityK0K3−K21−K22 <
0 must hold somewhere in the flow. After some straightforward algebra this condition
becomes
=(AD2)=(Λ∗aD2)−
|D2|2
4
({
=
(
(D2)y
D2
)}2
+
{
=
(
(D2)z
D2
)}2)
< 0, (C 6)
where
=(AD2) = siα
2
ρ(s2s + s
2
a)|U |2
(|U |2 + s2s)(|U |2 + s2c)− 4s2cU2r
(|U |2 + s2c)(|U |2 + s2c)− 4s2cU2r
, (C 7)
|D2|2
4
({
=
(
(D2)y
D2
)}2
+
{
=
(
(D2)z
D2
)}2)
=
s2i (u
2
y + u
2
z)
4|U |6 . (C 8)
Since s2c ≤ s2s, we can use
(|U |2 + s2s)(|U |2 + s2c)− 4s2cU2r
(|U |2 + s2c)(|U |2 + s2c)− 4s2cU2r
≥ (|U |
2 + s2s)
(|U |2 + s2c)
(C 9)
to (C 7). Thus if (C 6) holds, the following simpler inequality must be satisfied.
F (|U |2) = 4α2(|U |2 + s2a)(|U |2 + s2s)|U |2 − (s2a + s2s)(u2y + u2z)(|U |2 + s2c) < 0.(C 10)
At each point y, z, F (|U |2) constitutes a cubic function for |U |2 with the coefficient in
front of the cubic term is positive. Let us denote the largest real root of that function as
Rˇ2 (i.e. F (Rˇ2) = 0). Then from the property of F and (C 10),
(u− sr)2 + s2i = |U |2 < Rˇ2 (C 11)
follows.
The conclusion is therefore for any unstable modes the inequality (C 11) must be
satisfied at least one point y, z in the domain. One can draw in the complex plane a
family of semicircles with the radius Rˇ(y, z) and the centre u(y, z) for all possible y, z.
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The envelope of the semicircles constitutes the eigenvalue bound. Note that in this case
the bound can be found from the union of the disks associated with the semicircles, while
in section 3.2 the bound can be found from the intersect of the disks.
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